Fourth-order interference patterns of biphotons generated by type-I spontaneous parametric downconversion are examined for beams with partial angular and spectral entanglement, both for degenerate and nondegenerate constituent photons. Two-beam configurations using a single beam-splitter interferometer and a Mach-Zehnder interferometer are explicitly studied, as are four-beam configurations using pairs of beam splitters and MachZehnder interferometers. The interference pattern generally comprises a number of harmonic functions of the path-length difference with frequencies and visibilities that usually depend on direction, and may have a finite or infinite duration ͑fourth-order coherence length͒. The relation between the visibility and the spectral indistinguishability of the two beams is established. Certain components of the interference pattern are independent of direction so that they are not washed out by the use of apertures of finite size.
I. INTRODUCTION
Two-photon entanglement may be temporal, spectral, angular ͑spatial͒, or in polarization. Temporal entanglement means that the two photons of a pair are emitted simultaneously, and when detected they are registered in coincidence, or with a fixed time delay, but the time of detection of the pair itself is random. Spectral entanglement is similar. Each photon is monochromatic, and the frequencies of the twin photons are related by a definite relation, but these frequencies may assume any values within a certain band. Temporal and spectral entanglement are, of course, intimately related. Angular entanglement means that the direction taken by one photon has a matching direction that must be followed by its twin, but there is randomness in these directions. Likewise, entanglement in polarization means that the polarization of one photon is deterministically related to that of its partner, yet the polarization of the photon pair may be random. The entangled photon pair therefore behaves like a single entity and can thus be regarded as an ''optical molecule'' or a ''biphoton.'' The biphoton may have random arrival times, frequencies, directions, and polarizations; but the times, frequencies, directions, and polarizations of its constituent photons are tightly connected-entangled.
What has been discussed above is perfect entanglement, which is an idealization. In real experiments the definite oneto-one relationships between the times, frequencies, directions, and polarizations of the constituent photons of a biphoton also have an inherent uncertainty which is dictated by the physics of the generation mechanism. Thus the perfect coincidence of an ideal photon pair is relaxed to coincidence within a temporal window of duration called the entanglement time, and similarly the directions of propagation of the constituent photons are matched only imprecisely within an angle called the entanglement angle.
A common source of entangled photons is provided by spontaneous parametric downconversion ͑SPD͒ in a nonlinear optical medium pumped by a laser ͓1-7͔. The biphotons are generated randomly in space and time as a Poisson process, mimicking the random arrivals of the pump photons ͓8͔. However, the spatial and spectral entanglement within the biphoton is dictated by the conservation of momentum and energy. Because of the finiteness of the interaction volume within the nonlinear downconversion medium, and the finite spectral width of the pump, these conservation relations enjoy tolerances, thereby giving rise to a finite entanglement time and a finite entanglement angle for the emitted biphotons. The temporal and angular entanglement of biphotons generated by SPD have been studied extensively, both theoretically and experimentally ͓9-15͔.
The interference of biphotons in a variety of interferometric configurations, including the beam splitter ͓16-21͔, and the Michelson ͓22-24͔, Mach-Zehnder ͓25-31͔, Franson ͓27,31-33͔, and spatially separated slit ͓34-37͔ interferometers, have been extensively studied. In these experiments interference has served to confirm the fundamental tenets of quantum theory and new experiments are being conducted with an eye toward potential applications in metrology, precision measurement, precision imaging, and quantum cryptography, among other fields. This paper considers the interference of biphotons produced by type-I SPD, in particular, those that take the form of beams with finite entanglement angles and times.
The simplest biphoton interferometer, like its ordinary counterpart, is a four-port system comprising two input and two output ports, that makes use of nondissipative optical *URL: http://ece.bu.edu/ECE/faculty/homepages/teich.html/ elements. In one common configuration, each of the constituent photons of the biphoton is directed to a different input port of the interferometer; a biphoton detector records its presence at the two output ports. Such a detector is simply a pair of ordinary single-photon detectors rigged to record coincident detections of the constituent photons. The rate of coincidences is the arrival rate of the detected biphotons, which is generally a harmonic function, or a sum of harmonic functions, of some phase difference or optical delay introduced within the interferometer. Biphoton interference is a fourth-order phenomenon; it may be present even when the more familiar second-order interference is absent.
Block diagrams of the interferometer configurations examined in this paper are presented in Fig. 1 . The simplest interferometer ͓Fig. 1͑a͔͒ is a cross-bar configuration in which the biphoton can reach the output by following either the ''cross'' path or the ''bar'' path. This is readily implemented by using a simple beam splitter ͓Fig. 2͑a͔͒, in which case it is called a Hong-Ou-Mandel interferometer ͓16͔, or by using two pinholes and two detectors ͓38͔. If the optical path lengths differ by a phase , then the detection rate for the biphotons is generally a harmonic function of , an interferogram. For example, when the photons constituting the biphoton are degenerate and ϭ, the output of the interferometer registers no coincidences since the two indistinguishable possibilities for the arrival of the biphoton lead to destructive interference. The visibility of the fourth-order interferogram is closely related to the indistinguishability of the biphoton constituent photons. As they become more distinguishable in time ͑by the introduction of optical delay between the cross and the bar paths͒, or in frequency ͑by the use of nondegenerate photons͒, the visibility diminishes.
The second interferometer ͓Fig. 1͑b͔͒ takes the form of a double cross-bar configuration. This can be implemented optically, for example, by the use of a Mach-Zehnder ͓25-29͔ or Michelson ͓22-24͔ configuration ͓Fig. 2͑b͔͒. Here, there are four possibilities for the registration of a biphoton at the output: bar-bar, bar-cross, cross-bar, and cross-cross. There are thus several contributions to the interference pattern; the visibilities are determined by the degrees of indistinguishability of the constituent photons and the alternative paths. These contributions result in harmonic behavior at the sum ͑pump͒ frequency that persists for large path-length differences, and is limited only by the second-order coherence time of the pump which is infinite when the pump is monochromatic ͓25͔. The visibility of this component of the interference pattern decreases from 100% in the degenerate case to 50% in the totally nondegenerate case ͓25-27͔.
The third type of interferometer ͓Fig. 1͑c͔͒ is a configuration comprising a pair of four-port interferometers. These identical interferometers can be either beam splitters ͓as explicitly shown in Fig. 2͑c͔͒ , or Mach-Zehnder interferometers ͓45͔. Illumination is via four beams. The input biphoton is in a superposition state in which the signal and idler photons may be propagating in either the first and third beams, or the second and fourth beams. This type of binary entanglement is similar to the polarization entanglement of FIG. 1. Block diagrams for three biphoton interferometry configurations. Signal and idler beams are represented by s and i, respectively. ͑a͒ Cross-bar configuration, e.g., the single beam-splitter interferometer. ͑b͒ Double cross-bar configuration, e.g., the MachZehnder interferometer. ͑c͒ Four-beam interferometer with input biphoton in a superposition of translational states. Each box in this case contains a cross-bar or double cross-bar interferometer, and the output biphoton is observed across interferometers.
FIG. 2.
Specific arrangements for several biphoton interferometry configurations using type-I SPD in a nonlinear crystal ͑NLC͒. ͑a͒ Beam-splitter ͑Hong-Ou-Mandel͒ interferometer. ͑b͒ MachZehnder interferometer. ͑c͒ Four-beam configuration using a pair of beam-splitter interferometers.
type-II SPD. The output biphoton is observed at a pair of output ports, one from each of the two four-port interferometers, as shown in Fig. 1͑c͒ . This configuration is useful for observing interference even with highly nondegenerate input biphotons.
We proceed to determine the roles of partial angular and spectral entanglement in determining the visibility of biphoton interference patterns in these three interferometric configurations. It will become apparent that these roles turn out to be analogous to those played by spatial and temporal coherence in determining the visibility of single-photon ͑second-order͒ interference patterns using classical light. We examine the dependence of the visibility on the direction of observation by considering the down-converted light in terms of beams rather than in terms of plane waves, as in most treatments.
II. PARTIALLY ENTANGLED DOWN-CONVERTED BEAMS

A. The biphoton state
Consider a two-photon state ͉⌿͘ described by the angularspectral expansion We direct our attention in this paper to biphotons generated by spontaneous parametric downconversion for which s and i represent the signal and idler photons, respectively. For a monochromatic pump of frequency p , conservation of energy dictates that p ϭ i ϩ s , and conservation of momentum, under ideal conditions of infinite dimensions of the region of parametric interaction, leads to relations between the signal and idler angles and frequencies that may be written in the parametric form, i ϭ f ( s , s ) and i ϭg( s , s ), where f and g are functions in which the refractive indices and their frequency dependence play important roles. Thus for each signal angle there is one and only one matching idler angle, and one and only one signal frequency and its matching idler frequency. The spectral function may then be written as a product of three ␦ functions:
where N is a constant. Under real conditions for which the interaction region has finite dimensions, these ␦ functions are replaced by narrow functions whose widths determine the angle of entanglement and the entanglement time.
We also direct our attention here to narrow signal and idler beams selected by appropriate apertures. Our coordinate system is chosen such that the two beams are centered about directions defined by the angles s 0 and i 0 , as shown in Fig.  3 . The angles s and i are measured from these central directions, as shown in the figure. The signal and idler photons at the central directions have spectra centered about frequencies s 0 and i 0 , and the central directions and frequencies are assumed to be matched, i.e., to satisfy conservation of energy and momentum exactly ( p ϭ s 0 ϩ i 0 ).
B. Photon coincidence rate
A biphoton measured with two point detectors located at the angles s and i , after passage through narrow-band filters centered at the frequencies s and i , respectively, has a detection probability density proportional to
2 . This is the probability density of finding coincidence of the signal and idler photons, with the filters in place. In the absence of the filters, provided that the detectors are broadband, the probability density of biphoton detection becomes
This is the probability density of coincidence of the signal and idler photons at the angles s and i at any time. Math- ematically, the coincidence rate at the angles s and i is simply the norm of the spectral function as a function of the two variables s and i .
C. Spectral indistinguishability function
The marginal power spectral density of the signal photon at the angle s is obtained by integrating the spectral function over all possible angles and frequencies of the idler photon:
The power spectral density of the idler photon is similarly defined.
A measure of the spectral overlap between the constituent photons at angles s and i is provided by
͑4͒
This function is a measure of the spectral similarity ͑indis-tinguishability͒ between the constituent photons. It has its greatest magnitude when the spectral function is invariant to the exchange of ( s , s ) and ( i , i ) since the spectral overlap is then greatest. We shall henceforth call this function the spectral indistinguishability ͑SI͒ function. The SI function has Hermitian symmetry, i.e., R si (2) ( i , s )ϭ͓R si (2) ( s , i )͔* and satisfies the inequality
, as is readily shown by using Eqs. ͑3͒ and ͑4͒, together with the Schwarz inequality. In the degenerate case, the spectral function is symmet-
then reaches its maximum value of unity. We shall see that the SI function plays a key role in determining the biphoton visibility at the output of an interferometer in which the exchange of s and i provides two possibilities for the biphoton to reach the coincidence detector. This function therefore plays a role similar to that of the second-order coherence function in ordinary interferometry ͓6͔.
D. Example: Multidimensional Gaussian spectral function
The spectral function, which is described under ideal conditions by the triple product of ␦ functions in Eq. ͑2͒, may under real conditions be approximated by a product of Gaussian functions. Provided that the finite spectral width of the pump ⌬ p is not too large, it plays a negligible role in determining the entanglement angle, in which case the pump may be safely assumed to be monochromatic ͓14͔ so that the function ␦( p Ϫ s Ϫ i ) may be retained even in realistic situations. The other two ␦ functions in Eq. ͑2͒ may be generically approximated by Gaussian functions. This leads to the spectral function:
where s 0 and i 0 ϭ p Ϫ s 0 are the central frequencies at the central angles of the signal and idler beams, s 0 and i 0 , respectively, and N, , s , i , s , i , and s i are generic parameters that characterize the parametric interaction process. This expression was in fact derived from first principles using appropriate approximations, and the parameters were related to the dimensions of the crystal and its refractive indices ͓14͔. Using Eq. ͑5͒ for the spectral function, Eq. ͑3͒ gives a coincidence rate
and
The coincidence rate is therefore a 
with parameters
This function assumes its peak value at s ϭ i ϭ0,
which decreases rapidly as the difference between the signal and idler central frequencies exceeds the spectral width . This relation clearly establishes the connection between the spectral indistinguishability function and the degree of spectral degeneracy.
III. TWO-BEAM INTERFEROMETERS
We proceed to examine fourth-order interference of downconverted light in two-beam interferometers ͓Figs. 1͑a͒ and 1͑b͔͒. The signal and idler beams enter the input ports s and i, respectively, and each splits into two beams, which travel through the system and are subsequently recombined and linearly added at each of the output ports 1 and 2, as illustrated in the examples of Figs. 2͑a͒ and 2͑b͒. An optical beam can be regarded as a collection of plane waves traveling in various directions. It is assumed here that a signalbeam plane-wave component at an angle s ϭ contributes two, and only two, output plane waves at angles 1 () and 2 () that become components of the output beams 1 and 2, respectively ͑see Fig. 4͒ . The idler-beam plane-wave components are treated similarly. It is assumed further that for every signal direction , there is one, and only one, idler direction i () which is directed by the interferometer to the same output directions 1 () and 2 (). Thus there is pairwise splitting and recombination of the plane-wave components of the signal and idler beams, corresponding to perfect alignment of the interferometer.
As illustrated in Fig. 4 , the two-beam interferometer is assumed to split and recombine the signal plane wave at angle , and its partner idler plane wave at angle i (), in accordance with the transformation matrix
where ͕Ê (ϩ) ͖ are the positive-frequency parts of the electricfield operators and ␣͑,͒ and ␤͑,͒ are complex-amplitude transmission and reflection coefficients at the frequency . For a lossless system, ͉␣(,)͉ 2 ϩ͉␤(,)͉ 2 ϭ1. Expressions for ␣͑,͒ and ␤͑,͒ may be obtained for any particular interferometer by simple application of the action of free space propagation and single beam splitters on the field operators Ê s (ϩ) (,) and Ê i (ϩ) (,) in the right order. If the interferometer is symmetric with respect to the central directions of the input beams, and if the angle ͑mea-sured from the central directions͒ is small, then in accordance with the sign convention provided in Fig. 3 , the four angles , i (), 1 (), and 2 () are approximately equal. This symmetry can be arranged even in the nondegenerate case ( s 0 i 0 ) by appropriate steering of the central directions of the two beams.
The photon coincidence rate at the interferometer output ports, at angles 1 and 2 , is given by
͑12͒
where
is the photon coincidence rate with filters at frequencies 1 and 2 in place. Using the transformation in Eq. ͑11͒, we obtain an equation for the coincidence rate in terms of the angles 1 and 2 : G 12
where si ( 1 , 1 , 2 , 2 ) is the spectral function of the input biphoton.
The first term in Eq. ͑13͒, interpreted classically, corresponds to the signal photon appearing at output port 1 and the idler photon appearing at output port 2. The second term represents the opposite. The third term is a result of the quantum interference associated with these two alternatives. This term is significant whenever each of the coincident photons at the output ports cannot be identified with a specific input photon, and vanishes when the signal and idler photons are completely distinguishable. It therefore depends on the degree of spectral overlap of the two photons.
To help illustrate the structure of Eq. ͑13͒ we consider first a hypothetical case for which the parameters ␣(,) ϭ␣ and ␤(,)ϭ␤ are assumed to be independent of frequency and angle. Equation ͑13͒ then simplifies to
where G si (2) ( 1 , 2 ) is the coincidence rate of the signal and idler photons at the input of the interferometer, as given by Eq. ͑3͒, and R si (2) ( 1 , 2 ) is the SI function given by Eq. ͑4͒. Thus the quantum interference term is governed by the SI function, as anticipated. The ratio between the magnitudes of the third term and the sum of the first two terms is maximized when R si (2) ( 1 , 2 )ϭG si (2) ( 1 , 2 )ϭG si (2) ( 2 , 1 ), i.e., when the signal and idler photons are indistinguishable, and when ͉␣͉ϭ͉␤͉, i.e., when the two paths of the interferometer are identical.
The photon coincidence rate described by Eq. ͑13͒ is valid for point detectors located at the angles 1 and 2 . These angles may be precisely selected by using pinholes ͑infini-tesimal apertures͒ in the output ports. When these pinholes are apertures of finite angles, Eq. ͑13͒ must be modified by integration over the angular extents of the apertures.
We now consider two special interferometers in turn: the beam-splitter ͑Hong-Ou-Mandel͒ interferometer and the Mach-Zehnder interferometer.
A. Beam-splitter interferometer
For the symmetric lossless beam-splitter interferometer illustrated in Fig. 2͑a͒ , the elements of the transformation matrix in Eq. ͑11͒ are ͓20,25͔
where R and T are the beam-splitter intensity reflectance and transmittance, respectively, assumed to be constant over the frequency range of interest; and ()ϭx()/c, where x() is the optical path-length difference for the wave at angle , is controlled by moving the beam splitter. A phase factor representing the common optical path length from the input to the output has been neglected since it is of no consequence for our calculations.
Substituting Eqs. ͑15a͒ and ͑15b͒, and the multidimensional Gaussian spectral function in Eq. ͑5͒, into Eq. ͑13͒, we finally obtain an expression for the coincidence rate as a function of the path lengths ͑hereafter called the interference pattern͒
is half the path-length difference ͑in units of seconds͒,
is the mean path length ͑seconds͒,
is the mean rate of coincidence,
is the visibility of the interference pattern,
and G si (2) ( 1 , 2 ) and R si (2) ( 1 , 2 ) are, respectively, the signal-idler coincidence rate and the SI function at the input of the interferometer. The parameter c is the coherence time of the signal ͑or idler͒ photon.
As the path-length difference m ( 1 , 2 ) is changed, the interference pattern varies at the pump frequency p . However, as a function of the mean path length p ( 1 , 2 ) the interference pattern has a much smaller frequency m ( 1 , 2 ), which depends on the directions and vanishes when 1 ϭ 2 . Using the parameters in ͓14͔, Eq. ͑18͒ takes the form
This expression differs from that given by Rarity and Tapster ͓19͔ by the factor n s /N s , which results from including dispersion effects in the calculation of the wave-vector mismatch. From Eq. ͑17d͒, the visibility of the fourth-order interference pattern is seen to be proportional to the SI function, which has its largest value in the degenerate case and vanishes in the highly nondegenerate case ͓see Eq. ͑8͔͒. The visibility is a Gaussian function of the mean path length p ( 1 , 2 ) and assumes its maximum value when p ( 1 , 2 )ϭ0, i.e., in the matched case for which ( 1 )ϭ Ϫ( 2 ). When p ( 1 , 2 ) exceeds c /2, the visibility is diminished significantly since the twin photons are then temporally distinguishable and the biphoton behaves as two independent particles. The parameter c /2 may therefore be regarded as the entanglement time. This parameter is independent of the observation direction and is half the coherence time of the signal or the idler photons. For small angles, the dependence of the path-length difference ͑͒ on the angle is insignificant, ()ϭ, so that p ( 1 , 2 )ϭ, and Eq. ͑16͒ simplifies to
where the visibility is given by
and the fringe pattern has the frequency m ( 1 , 2 ). When 1 ϭ 2 ϭ0,
so that the interference pattern is reduced to an unmodulated ͑fringeless͒ function which increases exponentially from a minimum at ϭ0 to a maximum A(0,0) at ϭϱ. 
which is independent of the direction of observation and has its maximum value for a 50-50 beam splitter (RϭT). Under these conditions,
where ϭ(n s /N s )(1/2 tan s 0 ) p . The visibility has its highest value of unity near ϭ0, and decreases to zero as exceeds the entanglement time c /2.
The coincidence-rate fringe pattern described by Eq. ͑23͒ is shown in Fig. 5 as a function of and 1 Ϫ 2 . The period increases as 1 approaches 2 , and becomes infinite at 1 ϭ 2 ϭ so that the interference pattern is reduced to an unmodulated ͑fringeless͒ exponential function G 12 (2) (,) ϭG si (2) (,)͕1Ϫexp(Ϫ2 2 / c 2 )͖ which increases exponentially from zero at ϭ0 to a maximum G si (2) (,) at ϭϱ. Similarly, for fixed , the coincidence pattern is a sinusoidal function of 1 Ϫ 2 with fixed visibility and with a period 2/͉͉ that decreases with increasing path-length difference ͉͉. This type of pattern is similar to that of ordinary ͑second-order͒ interference between two coherent plane waves whose wave vectors are at an angle 1 Ϫ 2 .
It should be noted that filters are not placed in front of the output ports, as in the configuration used by Ou and Mandel ͓17͔. In the presence of such filters, Eq. ͑13͒ must be modified to include the spectral transmittances of the filters under the double integrals. To see coincidence-rate fringes in the presence of narrow-band filters with different central frequencies, the input photons must be degenerate with spectral distributions that are sufficiently broad so as to encompass the frequencies of the filters, so that the indistinguishability of the input photons is maintained. In this situation an interference pattern similar to that described by Eq. ͑16͒ is obtained, but the frequency m ( 1 , 2 ) is different.
B. Mach-Zehnder interferometer
For the symmetric lossless Mach-Zehnder interferometer in which delay is introduced by moving one of the mirrors, as shown in Fig. 2͑b͒ , the elements of the transformation matrix in Eq. ͑11͒ are ͓20,25͔ ␣͑,͒ϭͱT 1 T 2 exp ͩ Ϫi
where T 1 and R 1 ͑T 2 and R 2 ͒ are the intensity transmittance and reflectance of the first ͑second͒ beam splitter, respectively, and the path-length delay is assumed to be independent of the direction.
Using these matrix elements and the expression for the spectral function in Eq. ͑5͒, the coincidence rate expressed in Eq. ͑13͒ yields a multiple-frequency interference pattern:
where the mean value is
and the manifold of visibilities are
The frequencies that turn out to be present in Eq. ͑25͒ are p , p /2,
)͔, and m ( 1 , 2 ) where m ( 1 , 2 ) is given by Eq. ͑18͒ or Eq. ͑19͒. The interference pattern in Eq. ͑25͒ has eight oscillatory terms with various visibilities, frequencies, and coherence times. The first five terms have visibilities proportional to the rate of the incoming biphotons, G si (2) ( 1 , 2 ) or G si (2) ( 2 , 1 ). These terms result from the self-interference of the signal ͑or idler͒ beams because of the multiple paths they may follow through the system ͑such terms are absent in the beam-splitter interferometer͒. Of these, the first term varies at the ͑high͒ pump frequency p and has constant visibility. The second and third terms vary at p /2 and exhibit a decaying visibility that is modulated at the low difference frequency d ( 1 , 2 ) . The fourth and fifth terms vary at the low frequency d ( 1 , 2 ) and also exhibit decaying visibility.
The last three terms in Eq. ͑25͒ have visibilities proportional to the SI function R si (2) ( 1 , 2 ) and result from mutual interference arising from the indistinguishability of the signal and idler photons and the two paths they may follow within the interferometer. These terms vary at frequencies p , p /2ϩ m ( 1 , 2 )/2, and m ( 1 , 2 ). The p term has constant visibility, whereas the other two have visibilities that decay with with coherence times c and c /2, respectively. Note that these three terms are symmetric with respect to the angles 1 and 2 because of the symmetry of the overlap integral with respect to the input directions.
From a quantum-mechanical point of view, the most notable contributions to Eq. ͑25͒ are the nonlocal interference terms that vary at the pump frequency p since their visibilities V p and V p Ј have infinite coherence lengths, i.e., the visibility does not diminish with increasing path delay .
For 50-50 beam splitters, the amplitude and visibilities in Eqs. ͑26͒ and ͑27͒ simplify to
͑29͒
At the centers of the beams, 1 ϭ 2 ϭ0, the results simplify yet further and the mean coincidence rate, visibilities, and frequencies are determined by
in agreement with the results of Campos, Saleh, and Teich ͓25͔ and Larchuk et al. ͓27͔ ͑in the special case in which no differential time delay is introduced into the input beams, in ϭ0, and the two beams are assumed to have full spatial overlap at the mirrors͒.
In the limit of completely distinguishable photons, the terms proportional to R si (2) vanish and Eq. ͑30͒ simplifies to
which is also in agreement with Campos, Saleh, and Teich ͓25͔. For ӷ c the visibility is 50%. In the opposite limit of degenerate photons, s 0 ϭ i 0 and R si (2) (0,0)ϭG si (2) (0,0), resulting in
which is a coincidence fringe pattern at the pump frequency with 100% visibility. Finally, in the degenerate case ͑ s 0 ϭ i 0 and s ϭ i ͒, and for 50-50 beam splitters ͑R 1 ϭR 2 ϭR; T 1 ϭT 2 ϭT͒, but with arbitrary angles, R si (2) ( 1 , 2 )ϭG si (2) ( 1 , 2 ) ϭG si (2) ( 2 , 1 ) and d ( 1 , 2 )ϭ0, so that
In this case the mutual-interference terms are identical to their corresponding self-interference terms and the coincidence rate in Eq. ͑25͒ yields the simple expression
which is a 100% visibility fringe pattern at the pump frequency †in accord with Eq. ͑2͒ of ͓26͔ ‡, but valid for all angles. The mean rate of coincidence, however, depends on the directions and is maximum for matched directions.
IV. FOUR-BEAM INTERFEROMETERS
In this section we consider a four-beam biphoton in a doubly entangled superposition state composed of ͑a͒ an entangled photon pair in matching signal and idler beams (s 1 ,i 2 ), and ͑b͒ an entangled photon pair in matching signal and idler beams (s 2 ,i 1 ). The four beams are selected by use of appropriate apertures, as illustrated in Fig. 6 . The (s 1 ,i 1 ) beams are assumed to be sufficiently mismatched so that they cannot be occupied by the photon pair, and the same is applicable to the (s 2 ,i 2 ) beams. Thus the emitted biphoton may be in either of the two pairs of beams, and may take any of the matching pairs of directions ͑and frequencies͒ within each beam. There are two levels of entanglement here, a continuous angular entanglement within each signal-idler beam pair, identical to that described in Sec. III, and a binary entanglement dictating that the photon pair may be in either of the two-beam pairs. This binary entanglement is similar to polarization entanglement, e.g., in type-II SPD ͓13,21,42-44͔.
The four-beam interferometer ͓45͔ mixes each of the twobeam pairs in an interferometer, and the photon coincidence is detected between one output beam of each interferometer. The signal beams s 1 and s 2 enter a four-port interferometer with elements ␣ s (,) and ␤ s (,), whereas their matching idler beams i 2 and i 1 enter a separate four-port interferometer with elements ␣ i (,) and ␤ i (,), as illustrated schematically in Fig. 1͑c͒ in the general case, and in Fig. 2͑c͒ when beam-splitter interferometers are used. The photon coincidence rate is measured at the upper output ports of the two interferometers, labeled 3 and 4, respectively. Each interferometer, which is assumed to be well aligned, is symmetric with respect to the centers of its input beams, and the angles are measured from the centers of their respective beams using the convention shown in Fig. 3 . In essence, each of the observed positive-frequency field operators is a linear combination of two of the four input field operators:
The state of the light emitted into the four beams is given by
where s1,i2 and s2,i1 are the spectral functions for the (s 1 ,i 2 ) and (s 2 ,i 1 ) beam pairs, respectively. The functions s1,i1 and s2,i2 vanish because those directions are assumed to be highly mismatched. The twofold entanglement is obvious. First, each of the two terms in Eq. ͑35͒ has a continuous directional-spectral entanglement identical to that described in Eq. ͑1͒. Second, the binary entanglement between the two alternative beam pairs is a result of the superposition of the two terms of Eq. ͑35͒.
Using Eqs. ͑34͒ and ͑35͒, the rate of biphotons detected at ports 3 and 4 turns out to be This expression for the coincidence rate is similar in form to that given in Eq. ͑13͒ and has a parallel interpretation for its various terms. This suggests the definition of three functions:
The first two functions represent biphoton rates of the (s 1 ,i 2 ) and (s 2 ,i 1 ) beams, respectively. The third is a spectral indistinguishability function similar to that defined in Eq. ͑4͒. This SI function has its greatest value when the spectral functions are equal, i.e., s1,i2 ( 1 , 1 , 2 , 2 ) ϭ s2,i1 ( 1 , 1 , 2 , 2 ). This condition is realized if the central directions of the two signals s 1 and s 2 have the same polar angles s1 0 ϭ s2 0 ͑i.e., they lie on the same ring͒, and so do the two idlers i 1 and i 2 , i1 0 ϭ i2 0 , as illustrated in Fig. 6 , and if these two rings correspond to frequencies that are symmetric above and below p /2, i.e., s1 0 ϭ s2 0 ϭ p /2 ϩ⍀ and i1 0 ϭ i2 0 ϭ p /2Ϫ⍀, where ⍀ is an arbitrary frequency deviation. This condition can be easily satisfied even for highly nondegenerate signal and idler photons. Also, if it is satisfied at the centers of the four beams, then as a result of the linear dependence of the frequency on the polar angles 1 and 2 , it will be satisfied at other directions within the beams as well. We shall refer to this state as the balanced four-beam biphoton state. The balanced four-beam interferometer has the advantage that each of the two-beam interferometers constituting the four-beam interferometer deals with photons of the same frequency, though the biphoton itself may be highly nondegenerate.
In the balanced case there is complete spectral overlap between the two spectral functions even in the nondegenerate case (⍀ 0), and the three functions in Eqs. ͑37a͒-͑37c͒ are then all equal, whereupon Eq. ͑36͒ simplifies to
͑38͒
We now proceed to use Eq. ͑38͒ to determine the visibility of fourth-order interference for the four-beam beam splitter and Mach-Zehnder interferometers for balanced four-beam biphotons.
A. Beam-splitter interferometers
For the beam-splitter interferometers illustrated in Fig.  2͑c͒ , the ␣ and ␤ parameters used in Eq. ͑34͒ are given by Eqs. ͑15a͒ and ͑15b͒ with the subscripts s and i added to denote the signal and idler interferometers, respectively. Here, there are two path-length differences with delays s and i that can be independently controlled by displacing the two separate beam splitters.
Using Eq. ͑38͒, and the multidimensional Gaussian spectral function given in Eq. ͑5͒, we obtain
where m ϭ(
Since both s and i can be varied independently, this interferometer is more versatile than the two-beam beam-splitter interferometer illustrated in Fig. 2͑a͒ . In the symmetric case, s ϭ i ϭ p , m ϭ0, and the interference pattern as a function of p has the angle-dependent frequency d ( 1 , 2 ), given in Eq. ͑28͒, and the visibility is a Gaussian function of p with width c /2. For 50-50 beam splitters the maximum visibility is 100%. This result is analogous to that for the two-beam beam-splitter interferometer ͓Eqs. ͑20͒ and ͑21͔͒, except that the frequency here is d ( 1 , 2 ) instead of m ( 1 , 2 ), which is given in Eq. ͑18͒. The frequency d ( 1 , 2 ) is not symmetric in its arguments and vanishes for 1 ϭ 2 . Because of the dependence of the fringe frequency on the angles, when the coincidence rate is measured using detectors of finite aperture the visibility of the integrated pattern diminishes.
In the antisymmetric case, s ϭϪ i ϭ m , p ϭ0, and the coincidence interference pattern as a function of m has the pump frequency p and a visibility V( 1 , 2 ) ϭ2ͱT s T i R s R i /(T s T i ϩR s R i ) that is independent of m . For 50-50 beam splitters the visibility is 100%. This result is therefore analogous to the case of degenerate-photon interference in the Mach-Zehnder interferometer, as given by Eq.
͑33͒. In this case, the integrated coincidence rate for apertures of finite size remains undiminished as long as the apertures employed are matched and perfectly aligned, and assuming that the multi-Gaussian model of the original SPD light remains valid. Note that Eq. ͑39͒ is valid in the nondegenerate balanced four-beam case, whereas Eq. ͑33͒ is valid only in the degenerate two-beam case.
B. Mach-Zehnder interferometers
When the interferometers used to combine the pairs of beams are Mach-Zehnder interferometers, instead of beamsplitter interferometers as in Fig. 2͑c͒ 
͑44͒
Except for the interchange of m and p , these expressions are the same as those obtained for the beam-splitter interferometer in Eqs. ͑39͒ and ͑41͒. As a function of p with m constant, the interference pattern has frequency p and infinite fourth-order coherence time; as a function of m , the frequency is d ( 1 , 2 ) and the fourth-order coherence time is c /2. This expression for the coincidence rate for the interference of balanced four-beam biphotons is far simpler than its two-beam counterpart, for which Eq. ͑25͒ applies. Instead of eight oscillatory terms, only one is present. This is a result of the inherent symmetry in the balanced four-beam biphoton state described by Eq. ͑35͒. In this state the two frequency differences m and d ͓see Eqs. ͑18͒ and ͑28͔͒ become equal and several terms cancel out, yielding the much simpler expression in Eq. ͑42͒.
V. CONCLUSION
We have examined the fourth-order interference of twoand four-beam biphotons in a number of interferometers, with an emphasis on the angular dependence of the fringe frequency and visibility. The interference pattern of a twobeam biphoton transmitted through a four-port interferometer contains multiple harmonic contributions, each with its own frequency, visibility, and path-length duration ͑fourth-order coherence length͒. These contributions can be traced back to the pairwise interference associated with the various paths available for the biphoton to reach the output ports of the interferometer. There are two main types of contributions: self-interference, which is associated with the multiple paths that each of the constituent photons may take, and mutual interference, which results from the indistinguishability of the constituent photons. The visibility of the mutualinterference components is proportional to the degree of spectral overlap of the constituent photons. The frequencies of the interference components are sums and differences of the underlying frequencies of the biphoton. The frequencies and visibilities are generally angle dependent so that the use of apertures of finite size will generally diminish ͑and ultimately wash out͒ the interference pattern, much as in ordinary heterodyning with tilted beams. One key exception is the nonlocal interference component at the sum frequency ͑pump frequency͒. Its visibility is neither angle dependent nor path-length dependent so that the integrated coincidence rate measured by a finite-size aperture is not diminished, assuming of course that the interferometer is perfectly aligned. For this component, the fourth-order coherence length is infinite ͑assuming that the pump is monochromatic͒, so that the fringe visibility persists over long delays. The frequencies and visibilities of the biphoton fringes are generally dependent on the directional-spectral entanglement parameters of the original biphotons and are controllable by varying the dimensions and parameters of the nonlinear crystal.
A four-beam biphoton is a superposition state involving two pairs of signal-idler beams. In the balanced case, the two beams are nondegenerate by equal frequency differences. A pair of signal beams is combined in one interferometer and the corresponding pair of idler beams is combined in a separate interferometer; the coincidence rate is observed at one output port of the first interferometer and another of the second. The interference pattern in this more complex configuration, surprisingly, is far simpler than that in the two-beam biphoton case-there are only two contributions for either the beam-splitter or the Mach-Zehnder interferometer, even in the nondegenerate case. The angular sensitivity is reduced in the balanced case so that larger apertures may be used for detection.
